Published by Institute of Physics Publishing for SISSA/ISAS Received: July 30, 2004 Accepted: September 15, 2004

Dimensional reduction of nonlinear gauge theories

Noriaki Ikeda

Department of Mathematical Sciences, Ritsumeikan University Kusatsu, Shiga 525-8577, Japan E-mail: ikeda@yukawa.kyoto-u.ac.jp

Izawa Ken-iti

Department of Physics, University of Tokyo Tokyo 113-0033, Japan E-mail: izawa@hep-th.phys.s.u-tokyo.ac.jp

Abstract: We extend 2D nonlinear gauge theory from the Poisson sigma model based on Lie algebroid to a model with additional two-form gauge fields. Dimensional reduction of 3D nonlinear gauge theory yields an example of such a model, which provides a realization of Courant algebroid by 2D nonlinear gauge theory. We see that the reduction of the base structure generically results in a modification of the target (algebroid) structure.

Keywords: Field Theories in Lower Dimensions, Topological Field Theories, Gauge Symmetry, BRST Symmetry.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep092004030 /jhep092004030 .pdf

Contents

1. Introduction 1

2. 2D nonlinear gauge theory with two-forms 2

3. Derivation of the 2D theory with two-forms 3 3.1 Superformalism of 2D BF theory with two-forms 3 3.2 Consistent deformation of the Batalin-Vilkovisky action 5

4. Dimensional reduction of 3D theories 7 4.1 3D theory based on Lie algebroid 7 4.2 Nonlinear Chern-Simons theory 9 4.3 3D nonlinear BF theory 10

5. Conclusion 13

A. Definitions 13

1. Introduction

Topological gauge field theories of the Schwarz type [1] are grouped into two categories: Chern-Simons-BF gauge theory [1] and nonlinear gauge theory [2, 3]. Topological nonlinear gauge theory can be obtained as deformations of the former [4] and may be regarded as the most general form of the topological gauge field theories of the Schwarz type.

Two-dimensional nonlinear gauge theory of the simplest form [3] turns out to be determined solely by the Lie algebroid structure [5], the structure functions of nonlinear Lie (finite W [6]) algebra, or the data of Poisson algebra [7], which is manifested in the name of the Poisson sigma model [8].^1

Various extensions of the 2D nonlinear gauge theory may be considered. In fact, 2D theory based on graded structures was obtained [9] soon after the exposition of the original bosonic model. Higher-dimensional generalization of the 2D nonlinear gauge theory is also possible [4]. Accordingly, 3D nonlinear gauge theory is systematically constructed [10]–[13]^2 through deformations of Chern-Simons-BF gauge theories and the Courant algebroid [14] structure underlying it is identified [12, 13].

In this paper, we extend 2D nonlinear gauge theory from the Poisson sigma model based on the Lie algebroid to a model with additional two-form gauge fields. This extension is motivated by considering dimensional reduction of 3D nonlinear gauge theory based on the Courant algebroid.

1Since it has scalar fields in its field contents, it is apparently a sigma model as well as a gauge theory. 2Yet higher-dimensional cases are also considered in ref. [4, 11, 13].

– 1 –

2. 2D nonlinear gauge theory with two-forms

Let us first present an extended action of 2D nonlinear gauge theory postponing its derivation to the following sections.

We consider an action with 2-forms B̃_{2A}, S = ∫ Σ h_AdΦ^A + 1 2 W^{AB}(Φ)h_Ah_B + V^A(Φ)B̃_{2A} , (2.1)

where Σ denotes a two-dimensional base manifold and M a target space manifold of a smooth map Φ : Σ → M with a local coordinate expression {Φ^A}. Here h_A is a section of T^∗Σ ⊗ Φ^∗(T M), B̃_{2A} is a section of ∧^2T^∗Σ ⊗ Φ^∗(T M), and W^{AB} = −W^{BA} denotes a bivector field and V^A a vector field on the target space M. When V^A(Φ) ≡ 0, the action (2.1) reduces to the Poisson sigma model.

The action has the following gauge symmetry: δΦ^A = −W^{AB}c_B , δh_A = dc_A + ∂W^{BC} ∂Φ^A h_B c_C − ∂V^B ∂Φ^A t_B , δB̃_{2A} = dt_A + U_A^{BC} (h_B t_C − B̃_{2C} c_B ) + 1 2 X_A^{BCD}h_B h_C c_D , (2.2)

if U_A^{BC} (Φ) and X_A^{BCD}(Φ) satisfy the identities W^{D[A} ∂W^{BC]} ∂Φ^D = V^DX_D^{ABC} , W^{AB} ∂V^C ∂Φ^A + U_A^{BC} V^A = 0 , (2.3)

where c_A is a 0-form gauge parameter and t_A is a 1-form gauge parameter with X_A^{BCD} completely antisymmetric with respect to the indices BCD.

In fact, the action S is gauge invariant δS = ∫ Σ d(c_AdΦ_A + V^At_A) , (2.4)

and its equations of motion are given by dh_A + 1 2 ∂W^{BC} ∂Φ^A h_B h_C + ∂V^B ∂Φ^A B̃_{2B} = 0 ,

dΦ^A + W^{AB}h_B = 0 , V^A = 0 . (2.5)

If we can take V^A = (0, V^a(Φ^A)) for {a} ⊂ {A} with V^a(Φ^A) = Φ^a through a coordinate transformation on M,^3 we may locally eliminate the fields Φ^a by means of the equations of motion (let us call the extended theory reducible in this case). Then the theory reduces to the Poisson sigma model with the target space dimension reduced accordingly.

3This is possible locally for generic V^a(Φ^A).

– 2 –

3. Derivation of the 2D theory with two-forms

In this section, we derive the action proposed in the previous section through a deformation of BF theory in two dimensions. We first set up a superformalism [15, 16] of the BF theory and then perform a consistent deformation [17] thereof.

3.1 Superformalism of 2D BF theory with two-forms We start with a free action

SA = ∫ Σ h_AdΦ^A , (3.1)

where h_A is a 1-form gauge field and Φ^A is a 0-form scalar field on Σ. We further introduce B̃_{2A} as a 2-form field on Σ. This action has an abelian gauge symmetry

δ_0h_A = dc_A , δ_0B̃_{2A} = dt_A , (3.2)

where c_A is a 0-form gauge parameter and t_A is a 1-form gauge parameter. The gauge symmetry for B̃_{2A} is trivially satisfied and reducible. We need the following tower of the ‘ghosts for ghosts’ to analyze the complete gauge degrees of freedom:

δ_0h_A = dc_A , δ_0c_A = 0 , δ_0B̃_{2A} = dt_A , δ_0t_A = dv_A , δ_0v_A = 0 , (3.3)

where v_A is a 0-form gauge parameter.

Let us here set up the Batalin-Vilkovisky formalism [15] to adopt the Barnich-Henneaux approach for consistent deformation [17] in the next subsection. First we take c_A to be the FP ghost 0-form with the ghost number 1, t_A to be a 1-form with the ghost number 1, and v_A to be a 0-form with the ghost number 2. Next we introduce the antifields for all the fields: φ^+ denotes the antifield for the field φ. Note that such relations as gh(φ) + gh(φ^+) = −1 and deg(φ) + deg(φ^+) = 2 (in two dimensions) are imposed, where gh(φ) and gh(φ^+) are the ghost numbers of the (anti)fields φ and φ^+ and deg(φ) and deg(φ^+) are their form degrees, respectively.

In order to simplify combinatorics, we adopt a superformalism [16]. Namely, we combine the fields, antifields, and their gauge descendant fields as superfield components:

h_A = c_A + h_A + Φ^+_A , Φ^A = Φ^A + h^{+A} + c^{+A} , B_A = v_A + t_A + B̃_{2A} , B^{+A} = B̃_2^{+A} + t^{+A} + v^{+A} . (3.4)

Note that the component fields F in a superfield have the common total degree |F | ≡ ghF + deg F . The total degrees of h_A, Φ^A, B_A, and B^{+A} are 1, 0, 2, and −1, respectively.

– 3 –

We introduce the antighost number antigh(F ) of a superfield F with only antigh(B^{+A}) = 1 nonvanishing. The super antibracket of two superfields F and G is given by (F , G) = F · ←− ∂ ∂Φ^A · −→ ∂ ∂h_A · G − F · ←− ∂ ∂h_A · −→ ∂ ∂Φ^A · G + +F · ←− ∂ ∂B_A · −→ ∂ ∂B^{+A} · G − F · ←− ∂ ∂B^{+A} · −→ ∂ ∂B_A · G , (3.5)

where we have utilized the super product, the super antibracket, and the super differentiation defined in the appendix.

We can now construct the Batalin-Vilkovisky action to the original action (3.1) with the superfields as follows:

S_0 = ∫ Σ h_A · dΦ^A + B^{+A} · dB_A , = ∫ Σ h_AdΦ^A − c_Adh^{+A} − B̃_2^{+A}dt_A + t^{+A}dv_A , (3.6)

where only the 2-form part of the integrand survives integration on the two-dimensional manifold Σ. The total degree of the integrand of S_0 is two and its antighost number is zero. If we set all the antifields equal to zero, eq. (3.6) reduces to eq. (3.1).

If we assigned the total degrees of superfields h_A, Φ^A, B_A, and B^{+A} as 1, 0, 0, and 1, respectively, we could regard the superfield action (3.6) as a Batalin-Vilkovisky action to the usual abelian BF theory. In fact, there is a one-to-one map in terms of superfield actions from the 2D abelian BF theory with two-forms to the 2D abelian BF theory, which changes the total degrees of superfields B_A and B^{+A} from 2 and −1 to 0 and 1, respectively.

The BRST transformation of the superfield F for the above action is given by

δ_0F ≡ (S_0, F ) , (3.7)

which yields

δ_0h_A = (S_0, h_A) = dh_A , δ_0Φ^A = (S_0, Φ^A) = dΦ^A , δ_0B_A = (S_0, B_A) = dB_A , δ_0B^{+A} = (S_0, B^{+A}) = dB^{+A} . (3.8)

By expanding these BRST transformations to the components eq. (3.4), we obtain the BRST transformation of each field and antifield as follows: δ_0Φ^+_A = dh_A , δ_0h_A = dc_A , δ_0c_A = 0 , δ_0c^{+A} = dh^{+A} , δ_0h^{+A} = dΦ^A , δ_0Φ^A = 0 , δ_0B̃_{2A} = dt_A , δ_0t_A = dv_A , δ_0v_A = 0 , δ_0v^{+A} = dt^{+A} , δ_0t^{+A} = dB̃_2^{+A} , δ_0B̃_2^{+A} = 0 , (3.9)

which reproduces the original gauge transformation (3.3). It is simple to confirm that S_0 is BRST invariant and δ^2_0 = 0 on all the fields.

– 4 –

3.2 Consistent deformation of the Batalin-Vilkovisky action

Let us consider a deformation of the action S_0,

S = S_0 + gS_1 + g^2S_2 + · · · , (3.10)

where g is a deformation parameter or a coupling constant of the theory.

For a consistent deformation [17], we demand the total action S to satisfy the classical master equation

(S, S) = 0 . (3.11)

Substituting eq. (3.10) to eq. (3.11), we obtain the g power expansion of the master equation

(S, S) = (S_0, S_0) + 2g(S_0, S_1) + g^2[(S_1, S_1) + 2(S_0, S_2)] + O(g^3) = 0 . (3.12)

We solve this equation order by order with physical requirements for the solutions: We require the Lorentz invariance (lorentzian case) or SO(2) invariance (euclidean case) of the action. We assume that S is local, that is, S is given by the integration of a local lagrangian: S = ∫ Σ L. Note that we exclude the solutions whose BRST transformations are not deformed (δ = δ_0) as trivial ones. This condition is implied by the assumption that each term contains at least one antifield in S_i for i ≥ 1.

At the 0-th order, we obtain δ_0S_0 = (S_0, S_0) = 0, which is already satisfied. At the first order of g in eq. (3.12),

δ_0S_1 = (S_0, S_1) = 0 (3.13)

is required. S_1 is given by the integration of a local lagrangian from the assumption:

S_1 = ∫ Σ L_1 , (3.14)

where L_1 can be constructed from the superfields h_A, Φ^A, B_A, and B^{+A}. If a monomial in L_1 includes a differential d, it is proportional to the free equations of motion. Therefore it can be absorbed into the abelian action (3.6) through local field redefinitions of superfields and these terms are BRST trivial in the BRST cohomology. Hence the nontrivial deformation does not include the differential d, and thus L_1 is a degree two function of the superfields h_A, Φ^A, B_A, and B^{+A}.

At the second order of g,

(S_1, S_1) + 2(S_0, S_2) = 0 (3.15)

is required. We cannot construct nontrivial S_2 to satisfy eq. (3.15) from the integration of a local lagrangian, since δ_0-BRST transforms of the local terms are always total derivative. Therefore, if we assume locality of the action, S_2 is BRST trivial (the Poincaré lemma), that is, we obtain the relation (S_0, S_2) = 0 and we can absorb S_2 into S_1. Similarly, when

– 5 – we solve the higher order g part of eq. (3.12) recursively, we find that S_i is BRST trivial for i ≥ 2. Hence we may set S_i = 0 for i ≥ 2. Then the condition (3.11) reduces to (S_1, S_1) = 0 . (3.16) This equation imposes conditions on the structure functions f_i(Φ) in eq. (3.18).

Let us solve the condition (3.16) explicitly. We expand S_1 by the antighost number

S_1 = ∑ k S^{(k)}_1 = ∑ k ∫ Σ L^{(k)}_1 , (3.17)

where S^{(k)}_1 is the antighost number k part of the action S_1 and L^{(k)}_1 is its lagrangian (k ≥ 0). We can write the candidate L^{(k)}_1 under the requirement |L^{(k)}_1 | = 2 as

L^{(0)}_1 = 1 2 f^{AB}_1 (Φ) · h_A · h_B + f^A_2 (Φ) · B_A ,

L^{(1)}_1 = 1 3! f_{3A}^{BCD}(Φ) · B^{+A} · h_B · h_C · h_D + f_{4A}^{BC} (Φ) · B^{+A} · h_B · B_C , (3.18)

and so on, where f_i(Φ) is a function of Φ^A.

We also expand (S_1, S_1) by the antighost number as follows: (S_1, S_1) = ∑ k (S_1, S_1)^{(k)} = 0 , (3.19)

where (S_1, S_1)^{(k)} is the antighost number k part of (S_1, S_1). This equation requires (S_1, S_1)^{(k)} = 0 for all the nonnegative integers k, and we can determine the conditions among f_i recursively: First, we consider k = 0 part. We substitute eq. (3.18) to (S_1, S_1)^{(0)} = 0 and obtain

f^{D[A}_1 ∂f^{BC]}_1 ∂Φ^D + f^D_2 f_{3D}^{ABC} = 0 , −f^{AB}_1 ∂f^C_2 ∂Φ^A + f_{4A}^{BC} f^A_2 = 0 . (3.20)

As for the higher order terms with respect to the antighost number, we obtain conditions of higher order f_i’s. It is sufficient to consider k ≤ 1 terms in order to obtain the deformed action and deformed BRST transformation, since higher order terms vanish when we set all the antifields equal to zero.

The BRST transformation of each superfield is given by

δh_A = dh_A + 1 2 g ∂f^{BC}_1 ∂Φ^A · h_B · h_C + g ∂f^B_2 ∂Φ^A · B_B + 1 3! g ∂f_{3B}^{CDE} ∂Φ^A · B^{+B} · h_C · h_D · h_E + + 1 2 g ∂f_{4B}^{CD} ∂Φ^A · B^{+B} · h_C · B_D + · · · , δΦ^A = dΦ^A − gf^{AB}_1 · h_B + 1 2 gf_{3B}^{ACD} · B^{+B} · h_C · h_D − gf_{4B}^{AC} · B^{+B} · B_C + · · · , δB_A = dB_A − 1 3! gf_{3A}^{BCD} · h_B · h_C · h_D − gf_{4A}^{BC} · h_B · B_C + · · · , δB^{+A} = dB^{+A} − gf^A_2 − gf_{4B}^{CA} · B^{+B} · h_C + · · · , (3.21) where the ellipses represent the terms stemming from higher S^{(k)}_1 (k ≥ 2).

– 6 –

For all the antifields vanishing, we finally arrive at the action (2.1) with gauge symmetry (2.2) in the previous section. Accordingly, if we set

gf^{AB}_1 = W^{AB} , gf^A_2 = V^A , gf_{3A}^{BCD} = −X_A^{BCD} , gf_{4A}^{BC} = −U_A^{BC} , (3.22) eq. (3.20) coincides with eq. (2.3).

4. Dimensional reduction of 3D theories

In this section, we dimensionally reduce the 3D nonlinear gauge theory based on Courant algebroid to 2D theory.

Let X be a three-dimensional manifold with a coordinate (τ, σ, ρ) and M be a target manifold of a smooth map ϕ : X → M with local coordinate expression {ϕ^i}. We also have a vector bundle E over M with A^a a section of T^∗X ⊗ ϕ^∗(E^∗).

We can construct 3D topological gauge field theory of the Schwarz type in terms of ϕ^i and A^a [4, 10, 11, 12, 13]. For that purpose, we further introduce B_{1a} as a section of T^∗X ⊗ ϕ^∗(E) and B_{2i} as a section of ∧^2T^∗X ⊗ ϕ^∗(T M). Hereafter, the letters a, b, · · · represent indices on the fiber of E and i, j, · · · represent indices on M and T M.

4.1 3D theory based on Lie algebroid As a simplest example, let us first try 3D nonlinear BF theory with nonlinear gauge symmetry based on Lie algebroid or in the case with the target M a Poisson manifold equipped with a Poisson bivector ω^{ij}(ϕ) = −ω^{ji}(ϕ) and E = T M.

A Lie algebroid over a manifold M is a vector bundle E → M with a Lie algebra structure on the space of the sections Γ(E) defined by the bracket [e_1, e_2] for e_1, e_2 ∈ Γ(E) and a bundle map (the anchor) ρ : E → T M satisfying the following properties:

for any e_1, e_2 ∈ Γ(E) , [ρ(e_1), ρ(e_2)] = ρ([e_1, e_2]) ;

for any e_1, e_2 ∈ Γ(E) , F ∈ C^∞(M) , [e_1, F e_2] = F [e_1, e_2] + (ρ(e_1)F )e_2 . (4.1)

If E = T M and M is a Poisson manifold, a Poisson bivector ω(ϕ) defines a Lie algebroid: We take {e^i} as a local basis of Γ(T M) and let a local expression of a Poisson bivector be ω^{ij} (ϕ) = −ω^{ji}(ϕ). Then we can define a Lie algebroid by the following equations:

[e^i, e^j ] = ∂ω^{ij} (ϕ) ∂ϕ^k e^k ρ(e^i) = ω^{ij} (ϕ) ∂ ∂ϕ^j . (4.2)

We now adopt 3D nonlinear gauge theory with an action [4, 10]

S = S_0 + S_1 ;

S_0 = ∫ X ( B_{1i} ∧ dA^i − B_{2i} ∧ dϕ^i ) , S_1 = ∫ X ( ω^{ij}(ϕ)B_{2i}B_{1j} + 1 2 ω^{jk}_i (ϕ)A^iB_{1j} B_{1k} ) , (4.3)

– 7 – where we have defined ω^{jk}_i (ϕ) ≡ ∂ω^{jk}(ϕ) ∂ϕ^i . (4.4)

We consider dimensional reduction of the theory from the three-dimensional manifold X = Σ × S^1 to the two-dimensional manifold Σ. Namely, all the fields are set independent of the coordinate ρ of S^1 with ∫ S^1 dρ = 1:

ϕ^i = ϕ̃^i , A^i = Ã_1^i + α̃_0^idρ , B_{1i} = B̃_{1i} + β̃_{0i}dρ , B_{2i} = B̃_{2i} + β̃_{1i}dρ , (4.5)

where ϕ̃^i is a reduction of ϕ^i, Ã_1^i and B̃_{1i} are 1-forms, α̃_0^i and β̃_{0i} are 0-forms, B̃_{2i} is a 2-form, and β̃_{1i} is a 1-form in two dimensions.

Then the action (4.3) is reduced to the following action: S = ∫ X ( B̃_{1i} ∧ dα̃_0^i + Ã_1^i ∧ dβ̃_{0i} + β̃_{1i} ∧ dϕ̃^i ) dρ + d ( Ã_1^iβ̃_{0i}dρ ) + + ( ω^{ij}(ϕ̃)(B̃_{2i}β̃_{0j} − β̃_{1i}B̃_{1j}) + 1 2 ω^{jk}_i (ϕ̃)(2Ã_1^iB̃_{1j}β̃_{0k} + α̃_0^iB̃_{1j}B̃_{1k}) ) dρ , (4.6)

which can be also obtained through the action (2.1) by letting

h_A = (β̃_{1i}, Ã_1^j , B̃_{1k}) , Φ^A = (ϕ̃^i, β̃_{0j}, α̃_0^k) , B̃_{2A} = (B̃_{2i}, 0, 0) ;

W^{AB} =

0 0 −ω^{in} 0 0 ω^{np}_j β̃_{0p} ω^{lk} −ω^{mp}_k β̃_{0p} ω^{kn}_p α̃_0^p , V^A = (ω^{ip}β̃_{0p}, 0, 0) , (4.7)

for^A = (^i,_j ,^k).

The 3D nonlinear gauge theory based on Lie algebroid from X to M reduces to a 2D nonlinear gauge theory with two-forms from Σ to T M ⊕ T^∗M as a sigma model by dimensional reduction.

When the manifold M is symplectic or the ω^{ij} is invertible, we may eliminate the fields β̃_{0j} and B̃_{2i} by means of the equations of motion. Then we further obtain a Poisson sigma model as the reduced theory (that is, the 2D theory above is reducible) with

h_A = (β̃_{1i}, B̃_{1k}) , Φ^A = (ϕ̃^i, α̃_0^k) ,

W^{AB} = ( 0 −ω^{in} ω^{lk} ω^{kn}_p α̃_0^p ) , (4.8)

for A = (i, k).

– 8 –

4.2 Nonlinear Chern-Simons theory We can generally construct nonlinear Chern-Simons theory with nonlinear gauge symmetry as a deformation of the Chern-Simons gauge theory. This nonlinear gauge theory in three dimensions has the following action [12]:

S = S_0 + S_1 ,

S_0 = ∫ X ( k_{ab} 2 A^a ∧ dA^b − B_{2i} ∧ dϕ^i ) , S_1 = ∫ X ( f_{1a}^i(ϕ)A^aB_{2i} + 1 6 f_{2abc}(ϕ)A^aA^bA^c ) , (4.9)

where k_{ab} is a symmetric constant tensor and the structure functions f_1 and f_2 satisfy the identities

k^{ab}f_{1a}^if_{1b}^j = 0 , ∂f_{1b}^i ∂ϕ^j f_{1c}^j − ∂f_{1c}^i ∂ϕ^j f_{1b}^j + k^{ef} f_{1e}^if_{2fbc} = 0 , ( f_{1d}^j ∂f_{2abc} ∂ϕ^j − f_{1c}^j ∂f_{2dab} ∂ϕ^j + f_{1b}^j ∂f_{2cda} ∂ϕ^j − f_{1a}^j ∂f_{2bcd} ∂ϕ^j ) + +k^{ef} (f_{2eab}f_{2cdf} + f_{2eac}f_{2dbf} + f_{2ead}f_{2bcf} ) = 0 . (4.10)

We assume that k_{ab} is nondegenerate or invertible.

A Courant algebroid [14] is a vector bundle E → M with a nondegenerate symmetric bilinear form ⟨· , ·⟩ on the bundle, a bilinear operation ∘ on Γ(E) (the space of sections on E), and a bundle map (called the anchor) ρ : E → T M satisfying the following properties:

1) e_1 ∘ (e_2 ∘ e_3) = (e_1 ∘ e_2) ∘ e_3 + e_2 ∘ (e_1 ∘ e_3) , 2) ρ(e_1 ∘ e_2) = [ρ(e_1), ρ(e_2)] , 3) e_1 ∘ F e_2 = F (e_1 ∘ e_2) + (ρ(e_1)F )e_2 ,

4) e_1 ∘ e_2 = 1 2 D⟨e_1 , e_2⟩ , 5) ρ(e_1)⟨e_2 , e_3⟩ = ⟨e_1 ∘ e_2 , e_3⟩ + ⟨e_2 , e_1 ∘ e_3⟩ , (4.11)

where e_1, e_2, and e_3 are sections of E; F is a function on M; D is a map from functions on M to Γ(E) and is defined by ⟨DF , e⟩ = ρ(e)F .

If we take a local basis, eq. (4.10) is equivalent to the relations 1) to 5) of structure functions of a Courant algebroid on a vector bundle E over M: We take a basis e^a of Γ(E). Then symmetric bilinear form is defined by ⟨e^a , e^b⟩ = k^{ab}. The bilinear operation is defined by e^a ∘ e^b = −k^{ac}k^{bd}f_{2cde}(ϕ)e^e and the anchor is defined by ρ(e^a) = −f_{1c}^i(ϕ)k^{ac ∂}_{∂ϕi} .

We again consider dimensional reduction of the theory from the three-dimensional manifold X = Σ × S^1 to the two-dimensional manifold Σ:

ϕ^i = ϕ̃^i , A^a = Ã_1^a + α̃_0^adρ , B_{2i} = B̃_{2i} + β̃_{1i}dρ , (4.12)

– 9 – where ϕ̃^i is a reduction of ϕ^i, Ã_1^a is a 1-form, α̃_0^a is a 0-form, B̃_{2i} is a 2-form, and β̃_{1i} is a 1-form in two dimensions.

Then the action (4.9) is reduced to the following action: S = ∫ X ( k_{ab}Ã_1^a ∧ dα̃_0^b + β̃_{1i} ∧ dϕ̃^i ) dρ + d ( k_{ab} 2 Ã_1^aα̃_0^bdρ ) + + ( f_{1a}^i(ϕ̃)(Ã_1^aβ̃_{1i} + α̃_0^aB̃_{2i}) 1 2 f_{2abc}(ϕ̃)Ã_1^aÃ_1^bα̃_0^c ) dρ , (4.13)

which can be also obtained through the action (2.1) by letting

h_A = (β̃_{1i}, k_{ab}Ã_1^b) , Φ^A = (ϕ̃^i, α̃_0^a) , B̃_{2A} = (B̃_{2i}, 0) ;

W^{AB} = ( 0 −k^{bc}f_{1c}^i k^{ac}f_{1c}^j k^{ad}k^{be}f_{2dec}α̃_0^c ) , V^A = (f_{1a}^iα̃_0^a, 0) , (4.14)

for A = (i, a). The corresponding gauge symmetry is given by

U_j^{Ai} = ( 0, k^{ab} ∂f_{1b}^i ∂ϕ̃^j )

U_C^{AB} = 0 , otherwise ; X_j^{abc} = −k^{ad}k^{be}k^{cf} ∂f_{2def} ∂ϕ̃^j , X_D^{ABC} = 0 , otherwise , (4.15)

which satisfies the identities (2.3) due to the identities (4.10).

The 3D nonlinear Chern-Simons theory from X to M reduces to a 2D nonlinear gauge theory with two-forms from Σ to E as a sigma model by dimensional reduction.

4.3 3D nonlinear BF theory

We can also construct 3D nonlinear BF theory with nonlinear gauge symmetry as a deformation of the BF gauge theory in three dimensions. This nonlinear gauge theory in three dimensions has the following action [13]:

S = S_0 + S_1; S_0 = ∫ X ( B_{1a} ∧ dA^a − B_{2i} ∧ dϕ^i ) , S_1 = ∫ X (f_{1a}^i(ϕ)A^aB_{2i} + f_2^{ib}(ϕ)B_{2i}B_{1b} + 1 6 f_{3abc}(ϕ)A^aA^bA^c + + 1 2 f_{4ab}^c(ϕ)A^aA^bB_{1c} + 1 2 f_{5a}^{bc}(ϕ)A^aB_{1b}B_{1c} + 1 6 f_6^{abc}(ϕ)B_{1a}B_{1b}B_{1c}) , (4.16)

– 10 – where the structure functions f_1, · · · , f_6 satisfy the identities

f_{1e}^if_2^{je} + f_2^{ie}f_{1e}^j = 0 , − ∂f_{1c}^i ∂ϕ^j f_{1b}^j + ∂f_{1b}^i ∂ϕ^j f_{1c}^j + f_{1e}^if_{4bc}^e + f_2^{ie}f_{3ebc} = 0 , f_{1b}^j ∂f_2^{ic} ∂ϕ^j − f_2^{jc} ∂f_{1b}^i ∂ϕ^j + f_{1e}^if_{5b}^{ec} − f_2^{ie}f_{4eb}^c = 0 , −f_2^{jb} ∂f_2^{ic} ∂ϕ^j + f_2^{jc} ∂f_2^{ib} ∂ϕ^j + f_{1e}^if^{ebc}_6 + f_2^{ie}f_{5e}^{bc} = 0 , −f_{1[a}^j ∂f_{4bc]}^d ∂ϕ^j + f_2^{jd} ∂f_{3abc} ∂ϕ^j + f_{4e[a}^df_{4bc]}^e + f_{3e[ab}f_{5c]}^{de} = 0 , −f_{1[a}^j ∂f_{5b]}^{cd} ∂ϕ^j − f_2^{j[c} ∂f_{4ab}^{d]} ∂ϕ^j + f_{3eab}f_6^{ecd} + f_{4e[a}^{[d}f_{5b]}^{c]e} + f_{4ab}^ef_{5e}^{cd} = 0 , −f_{1a}^j ∂f_6^{bcd} ∂ϕ^j + f_2^{j[b} ∂f_{5a}^{cd]} ∂ϕ^j + f_{4ea}^{[b}f_6^{cd]e} + f_{5e}^{[bc}f_{5a}^{d]e} = 0 , −f_2^{j[a} ∂f_6^{bcd]} ∂ϕ^j + f_6^{e[ab}f_{5e}^{cd]} = 0 , −f_{1[a}^j ∂f_{3bcd]} ∂ϕ^j + f_{4[ab}^ef_{3cd]e} = 0 . (4.17)

Note that the 3D theory in subsection 4.1 is an example of this action.

As is the case in the previous subsection, if we take a local basis, eq. (4.17) is equivalent to the relations of structure functions of a Courant algebroid on a vector bundle E ⊕ E^∗ over M: Symmetric bilinear form ⟨· , ·⟩ is defined from the natural pairing of E and E^∗. That is, ⟨e_a , e_b⟩ = ⟨e^a , e^b⟩ = 0 and ⟨e_a , e^b⟩ = δ_a^b if {e_a} is a basis of sections of E and {e^a} is that of E^∗. The bilinear form ∘ and the anchor ρ are represented as follows: e^a ∘ e^b = −f_{5c}^{ab}(ϕ)e^c − f_6^{abc}(ϕ)e_c , e^a ∘ e_b = −f_{4bc}^a(ϕ)e^c + f_{5b}^{ac}(ϕ)e_c , e_a ∘ e_b = −f_{3abc}(ϕ)e^c − f_{4ab}^c(ϕ)e_c , ρ(e^a) = −f_2^{ia}(ϕ) ∂ ∂ϕ^i , ρ(e_a) = −f_{1a}^i(ϕ) ∂ ∂ϕ^i . (4.18)

We again consider dimensional reduction of the theory from the three-dimensional manifold X = Σ × S^1 to the two-dimensional manifold Σ:

ϕ^i = ϕ̃^i , A^a = Ã_1^a + α̃_0^adρ , B_{1a} = B̃_{1a} + β̃_{0a}dρ , B_{2i} = B̃_{2i} + β̃_{1i}dρ , (4.19)

where ϕ̃^i is a reduction of ϕ^i, Ã_1^a and B̃_{1a} are 1-forms, α̃_0^a and β̃_{0a} are 0-forms, B̃_{2i} is a 2-form, and β̃_{1i} is a 1-form in two dimensions.

– 11 –

Then the action (4.16) is reduced to the following action: S = ∫ X ( B̃_{1a} ∧ dα̃_0^a + Ã_1^a ∧ dβ̃_{0a} + β̃_{1i} ∧ dϕ̃^i ) dρ + d ( Ã_1^aβ̃_{0a}dρ ) + + ( f_{1a}^i(Ã_1^aβ̃_{1i} + α̃_0^aB̃_{2i}) + f_2^{ib}(B̃_{2i}β̃_{0b} − β̃_{1i}B̃_{1b}) + 1 2 f_{3abc}Ã_1^aÃ_1^bα̃_0^c + + 1 2 f_{4ab}^c(Ã_1^aÃ_1^bβ̃_{0c} − 2Ã_1^aB̃_{1c}α̃_0^b) + 1 2 f_{5a}^{bc}(2Ã_1^aB̃_{1b}β̃_{0c} + α̃_0^aB̃_{1b}B̃_{1c}) + + 1 2 f^{abc}_6 B̃_{1a}B̃_{1b}β̃_{0c} ) dρ = ∫ Σ B̃_{1a} ∧ dα̃_0^a + Ã_1^a ∧ dβ̃_{0a} + β̃_{1i} ∧ dϕ̃^i + f_{1a}^iÃ_1^aβ̃_{1i} + f_2^{ib}B̃_{1b}β̃_{1i} + + 1 2 (f_{3abc}α̃_0^c + f_{4ab}^cβ̃_{0c})Ã_1^aÃ_1^b + (−f_{4ab}^cα̃_0^b + f_{5a}^{cb}β̃_{0b})Ã_1^aB̃_{1c} + + 1 2 (f_{5a}^{bc}α̃_0^a + f^{abc}_6 β̃_{0a})B̃_{1b}B̃_{1c} + (f_{1b}^iα̃_0^b + f_2^{ia}β̃_{0a})B̃_{2i} , (4.20)

which can be also obtained through the action (2.1) by letting

h_A = (β̃_{1i}, Ã_1^a, B̃_{1b}) , Φ^A = (ϕ̃^i, β̃_{0a}, α̃_0^b) , B̃_{2A} = (B̃_{2i}, 0, 0) ;

W^{AB} = 0 −f_{1c}^i −f_2^{id} f_{1a}^j f_{3ace}α̃_0^e + f_{4ac}^eβ̃_{0e} −f_{4ae}^dα̃_0^e + f_{5a}^{de}β̃_{0e} f_2^{jb} f_{4be}^cα̃_0^e − f_{5b}^{ce}β̃_{0e} f_{5e}^{bd}α̃_0^e + f^{bde}_6 β̃_{0e} , V^A = (f_{1b}^iα̃_0^b + f_2^{ia}β̃_{0a}, 0, 0) , (4.21)

for^A = (^i,_a ,^b). The corresponding gauge symmetry is given by

U_j^{Ai} = ( 0, ∂f_{1a}^i ∂ϕ̃^j , ∂f_2^{ib} ∂ϕ̃^j )

U_C^{AB} = 0 , otherwise ; X_{jabc} = − ∂f_{3abc} ∂ϕ̃^j , X_{jab}^c = − ∂f_{4ab}^c ∂ϕ̃^j , X_{ja}^{bc} = − ∂f_{5a}^{bc} ∂ϕ̃^j , X_j^{abc} = − ∂f_6^{abc} ∂ϕ̃^j , X_D^{ABC} = 0 , otherwise , (4.22)

where complete antisymmetrization for X_j^{ABC} with respect to the indices ABC should be understood. This again satisfies the identities (2.3) due to the identities (4.17).

The 3D nonlinear BF theory from X to M reduces to a 2D nonlinear gauge theory with two-forms from Σ to E ⊕ E^∗ as a sigma model by dimensional reduction.

– 12 –

5. Conclusion

We have provided the 2D nonlinear gauge theory with two-forms, which is obtained as the consistent deformation of 2D topological BF gauge theory.

Dimensional reduction of 3D nonlinear gauge theory based on Courant algebroid such as nonlinear Chern-Simons theory and 3D nonlinear BF theory yields such 2D nonlinear gauge theory with two-forms. If it is reducible as is considered at the end of section 2, we obtain the Poisson sigma model based on Lie algebroid with a reduced target space. Namely, the reduction of the base space is accompanied by that of the target space structure with the Courant algebroid reduced to the Lie algebroid.^4

We have analyzed the algebroid defined by eq. (2.3) in terms of the Batalin-Vilkovisky algebra in section 3. Further analyses of algebraic and geometric structures of this type of theories would shed more light on relations between topological field theories and algebroids, including a Lie algebroid and a Courant algebroid.

The web of topological gauge field theories of the Schwarz type may be connected by deformations and reductions, as is exemplified in the cases of two- and three-dimensional nonlinear gauge theories in this paper. It can be also deformed to nontopological theories [18] and constitutes an intriguing arena in the space of field theories from a deformation theory perspective.

A. Definitions

The Batalin-Vilkovisky antibracket [15] for functions F (φ, φ^+) and G(φ, φ^+) of the fields and antifields on the base space X is defined by

(F, G)_{AB} ≡ F ←− ∂ ∂φ −→ ∂ G ∂φ^+ − (−1)^{(n+1) deg φ} F ←− ∂ ∂φ^+ −→ ∂ G ∂φ , (A.1)

where n = dim X and ←− ∂ /∂φ and −→ ∂ /∂φ are the right and left differentiations with respect to φ, respectively, which satisfy −→ ∂ F ∂φ = (−1)^{(ghF +ghφ)ghφ+(deg F +deg φ) deg φ} F ←− ∂ ∂φ . (A.2) ←− ∂ /∂φ^+ and −→ ∂ /∂φ^+ have similar definitions. When F and G are functionals of the fields φ and antifields φ^+, the antibracket is given by

(F, G)_{AB} ≡ ∫ X ( F ←− ∂ ∂φ −→ ∂ G ∂φ^+ − (−1)^{(n+1) deg φ} F ←− ∂ ∂φ^+ −→ ∂ G ∂φ ) . (A.3)

The antibracket satisfies the following identities:

(F, G)_{AB} = −(−1)^{(deg F +n)(deg G+n)+(ghF +1)(ghG+1)}(G, F )_{AB} , (F, GH)_{AB} = (F, G)_{AB}H + (−1)^{(deg F +n) deg G+(ghF +1)ghG}G(F, H)_{AB} , (F G, H)_{AB} = F (G, H)_{AB} + (−1)^{deg G(deg H+n)+ghG(ghH+1)}(F, H)_{AB}G , (−1)^{(deg F +n)(deg H+n)+(ghF +1)(ghH+1)}(F, (G, H)_{AB})_{AB} + cyclic permutations = 0 . (A.4)

4In specific cases, higher-dimensional theory itself can be directly based on the Lie algebroid [4, 10] prior to dimensional reduction (see the first case study in the previous section).

– 13 –

We also note that

F G = (−1)^{ghF ghG+deg F deg G}GF , d(F G) = dF G + (−1)^{deg F} F dG . (A.5)

In order to simplify cumbersome sign factors, we introduce super product, super antibracket, and super differentiation [16].^5

Let us define the super product by

F · G ≡ (−1)^{ghF deg G}F G . (A.6)

We obtain the following identities from eq. (A.5): F · G = (−1)^{|F ||G|}G · F , d(F · G) = dF · G + (−1)^{|F |}F · dG , (A.7) where |F | ≡ ghF + deg F denotes the total degree of F .

The super antibracket is defined by

(F, G) ≡ (−1)^{(ghF +1)(deg G+n)}(−1)^{ghφ(deg φ+n)+n}(F, G)_{AB} . (A.8)

Then the following identities are obtained from eq. (A.4): (F, G) = −(−1)^{(|F |+n+1)(|G|+n+1)}(G, F ) , (F, G · H) = (F, G) · H + (−1)^{(|F |+n+1)|G|}G · (F, H) , (F · G, H) = F · (G, H) + (−1)^{|G|(|H|+n+1)}(F, H) · G , (−1)^{(|F |+n+1)(|H|+n+1)}(F, (G, H)) + cyclic permutations = 0 . (A.9)

That is, the super antibracket provides a graded Poisson bracket on superfields.

We further define the super differentiation by −→ ∂ ∂φ · F ≡ (−1)^{ghφ deg F} −→ ∂ F ∂φ , F · ←− ∂ ∂φ ≡ (−1)^{ghF deg φ} F ←− ∂ ∂φ . (A.10)

We can define the super differentiation with respect to φ^+ in a similar manner. Owing to eq. (A.2), we obtain −→ ∂ ∂φ · F = (−1)^{(|F |+|φ|)|φ|}F · ←− ∂ ∂φ . (A.11)

5The super product is called the dot product in ref. [11, 12, 13, 16].

– 14 –

References

[1] For reviews, D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Topological field theory, Phys. Rept. 209 (1991) 129;

A. Schwarz, Topological quantum field theories, hep-th/0011260.

[2] N. Ikeda and Izawa K.-I., Gauge theory based on quadratic Lie algebras and 2-D gravity with dynamical torsion, Prog. Theor. Phys. 89 (1993) 1077

[3] N. Ikeda and K.I. Izawa, General form of dilaton gravity and nonlinear gauge theory, Prog.

Theor. Phys. 90 (1993) 237 [hep-th/9304012].

[4] K.I. Izawa, On nonlinear gauge theory from a deformation theory perspective, Prog. Theor.

Phys. 103 (2000) 225 [hep-th/9910133].

[5] A.M. Levin and M.A. Olshanetsky, Hamiltonian algebroid symmetries in W-gravity and Poisson sigma-model, hep-th/0010043;

M.A. Olshanetsky, Lie algebroids as gauge symmetries in topological field theories,

hep-th/0201164.

[6] J. de Boer, F. Harmsze and T. Tjin, Nonlinear finite W symmetries and applications in elementary systems, Phys. Rept. 272 (1996) 139 [hep-th/9503161].

[7] P. Schaller and T. Strobl, Poisson structure induced (topological) field theories, Mod. Phys.

Lett. A 9 (1994) 3129 [hep-th/9405110].

[8] N. Ikeda, Two-dimensional gravity and nonlinear gauge theory, Ann. Phys. (NY) 235 (1994) 435 [hep-th/9312059];

P. Schaller and T. Strobl, Poisson sigma models: a generalization of 2-D gravity Yang-Mills systems, hep-th/9411163; Iintroduction to poisson sigma-models, hep-th/9507020; A.C. Hirshfeld and T. Schwarzweller, Poisson-sigma models, hep-th/0001026; T. Strobl, Gravity in two spacetime dimensions, hep-th/0011240; M.F. Ertl, Supergravity in two spacetime dimensions, hep-th/0102140; A.S. Cattaneo and G. Felder, Poisson sigma models and deformation quantization, Mod. Phys. Lett. A 16 (2001) 179 [hep-th/0102208];

T. Schwarzweller, The poisson-sigma model: a non-linear gauge theory, hep-th/0111141.

[9] N. Ikeda, Gauge theory based on nonlinear Lie superalgebras and structure of 2-D dilaton supergravity, Int. J. Mod. Phys. A 9 (1994) 1137;

J.M. Izquierdo, Free differential algebras and generic 2D dilatonic (super)gravities, Phys. Rev. D 59 (1999) 084017 [hep-th/9807007];

T. Strobl, Target-superspace in 2D dilatonic supergravity, Phys. Lett. B 460 (1999) 87 [hep-th/9906230];

M. Ertl, W. Kummer and T. Strobl, General two-dimensional supergravity from Poisson superalgebras, J. High Energy Phys. 01 (2001) 042 [hep-th/0012219]; L. Bergamin and W. Kummer, Graded poisson sigma models and dilaton-deformed 2D supergravity algebra, J. High Energy Phys. 05 (2003) 074 [hep-th/0209209].

[10] N. Ikeda, A deformation of three dimensional BF theory, J. High Energy Phys. 11 (2000) 009 [hep-th/0010096].

[11] N. Ikeda, Deformation of bf theories, topological open membrane and a generalization of the star deformation, J. High Energy Phys. 07 (2001) 037 [hep-th/0105286].

– 15 –

[12] N. Ikeda, Chern-Simons gauge theory coupled with BF theory, Int. J. Mod. Phys. A 18 (2003) 2689 [hep-th/0203043].

[13] N. Ikeda, Topological field theories and geometry of Batalin-Vilkovisky algebras, J. High Energy Phys. 10 (2002) 076 [hep-th/0209042].

[14] T. Courant, Dirac manifolds, Trans. A.M.S. 319 (1990) 631;

Z.-J. Liu, A. Weinstein and P. Xu, Manin triples for Lie bialgebroids, dg-ga/9508013; See also D. Roytenberg, On the structure of graded symplectic supermanifolds and Courant algebroids, math.SG/0203110.

[15] I.A. Batalin and G.A. Vilkovisky, Gauge algebra and quantization, Phys. Lett. B 102 (1981) 27; Quantization of gauge theories with linearly dependent generators, Phys. Rev. D 28 (1983) 2567.

[16] A.S. Cattaneo, P. Cotta-Ramusino, and C.A. Rossi, Loop observables for BF theories in any dimension and the cohomology of knots, math.QA/0003073;

A.S. Cattaneo and C.A. Rossi, Higher-dimensional BF theories in the Batalin-Vilkovisky formalism: The BV action and generalized Wilson loops, math.QA/0010172.

[17] G. Barnich and M. Henneaux, Consistent couplings between fields with a gauge freedom and deformations of the master equation, Phys. Lett. B 311 (1993) 123 [hep-th/9304057]; For a review, M. Henneaux, Consistent interactions between gauge fields: the cohomological approach, Contemp. Math. 219 (1998) 93 [hep-th/9712226].

[18] K.I. Izawa, Another perturbative expansion in nonabelian gauge theory, Prog. Theor. Phys. 90 (1993) 911 [hep-th/9309150].

– 16 –